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Validity of the method of superposition of singularities for solving the problem
of unsteady flow of incompressible fluid past a doubly periodic grid of arbitrary
bodies is proved using the derived below Green’s function which has the property
of quasi-periodicity, Doubly periodic grids consisting of constant phase shift
monopole and dipole elements are examined, Exact integral representation of
the perturbation potential of such grids is obtained and its fundamental proper-
ties and asymptotic behavior away from the grid are analyzed, According to

[1, 2] the solution of the problem of unsteady fluid flow past a grid whose ele-
ments oscillate arbitrarily with respect to time v by the Fourier method reduces
to the sum of solutions of the problems of flow past a similar grid whose elements
perform oscillations of a single type but in the presence of a constant phase shift
between the oscillations of adjacent elements, The problem of three-dimension-
al flow of incompressible fluid past a grid consisting of bodies with piecewise
smooth boundaries, which effect harmonic oscillations is considered below,

Let a doubly periodic grid of period q along the x-axis and & along the y-axis lie
in the z = ( plane in the space defined by coordnates zyz ., We denote the exterior
of the grid by D and its boundary defined as the totality of boundaries of all elements
constituing the grid by 0D ,i.e.

0D = [ m,n=0,41,4+2,...,

m, n—=—00
with 7 = I'yo denoting the boundary of the basic etement (m = 0, n = 0) in the
rectangular cylinder
T={z,pz:|2|<al2|y|<b/2 — o< z2<< 0}

The law defining the oscillations of any element at frequency ® in time T can be
expressed as follows: )
Umn = Vo exp li (0T — mak; — nbd,)]
where vy = (¥ox» Voy» Poz) is the vector of the velocity of motion of the basic element,
and ah; and bA, are oscillation phase shifts of adjacent elements, It is assumed that
A, and A, = const.

We have to determine the potential ¢ = ¢ (x, ¥, 2) = C* (D) | C (8D) of the
incompressible fluid flow past the grid as a solution of the following problem

Ag =0, (z,y,2=D (1)

@ (x4 a, ¥, 2) exp (iMa) = ¢ (7, y, 2) = ¢ (z, y + b, 2) exp (kb))  (2)
ox 0y 0 .

-?j:— - = (on I + Voy a_,ll + Vo jf;) exp [— i (mahy + nbhy)] (3)
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[o|< o0, (z,9,2)&D (4)

where (2) is the quasi-periodicity condition, (3) is the bounday condition at the bound-
ary of each element, (4) is the condition of boundedness, and 7 is the inward normal
to surface @) , Here and subsequently the time factor exp (iwt) is omitted,

Let us prove that function ¢ can be determined by the method of superposition of
singularities, To do this we consider Green's function for the Laplace equation G =
G (x — %, Y — Yor 2 — Zp) which has the following properties :

G(z + a, y» 2) exp (— iha) = G (, y, =G (3, y +b, ) exp (— ihad) (5)
G=O0lexp(—alz|)], [z|—> 00, a>oa >0 (6)
Re A, =+ 2num / a, Re Ay == 2nin / b

We denote the region inside the rectangular cylinder I' but outside the grid by Ty =
rno.

Let Re A; == 2im / @ and Re A; ==2nn / b, Then, applying to functions ¢ and
G Green's formula, for region 7Ty we obtain

;5., ((p %% - %) do = T.,\(§§Sy.,, . (9AG — GAg) dx dy dz

Taking into consideration that functions ¢ and G are quasi-periodic with equal but of
opposite sign phase shifts, we can equate to zero the sum of integrals

Ty zaz=1al2, |y|<bl2 —oo<2z< oo |2]|<al?2,
y=1tb/2, — oco<< 2<C oo}

along the side boundary of the rectangular cylinder T, . The integrals over the infinit-

ely distant edges | 2| = d — oo tend to vanish by virtue of conditions (4) and (6).
Using equalities (1), (3), (4) and (6), we obtain
1 ¢ %)
@ (@0r Yo 20) = — 7 §Scp<§, M, ) G (& — g, 1 — Yo § — 20) 45 +

—41n—38<0056n + Von 52 T Vot BC)G(E—%, N — Yo, § — 20) d3

:
We expand the perturbation potential ¢ into a series in consecutive derivatives of
Green's function ¢ similarly to the representation in [2] of the velocity field in a plane
in terms of consecutive derivatives of the hyperbolic contangent, For this we represent
function @ in terms of its Taylor series in the vicinity of point E=mn = = 0

a

G(g—xo,”]—ymg'—z) y l]' <b()a

. — 2z
i +gd§> G(— Zg» — Yor — Z0)
q=0
where ¢ are positive integers, This series is uniformly convergent at any point (g,
Yo» 20) = T,. Owing to this, function cp can be represented by the following expansion
in derivatives of G; 1
© (%> Yo 20) = 2 2 2. Wp—_—,y—{ pra dx + Coragyy aun +

q 0 p=0 =0
4 a
Chrq Bz UOEM prq VoaM g prq — Ve M prq}

839G (— xa, — Yo, — 29)
( ‘r (\—p_r (7)
Bz 8yo” 0207
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where the form coefficients of the considered grid (x = &, n, {) are

e =0 m oeverr 2as pg, = (e S as
b Y

It will be shown in the following that function G represents the potential of pertur-
bations generated by a grid of oscillating monopoles, The first derivatives of this func-
tion are potentials of perturbations generated by grids of oscillating dipoles oriented
parallel to the coordinate axes, The 7 th order derivatives of function G are potentials
for grids of oscillating multipoles of the zth order, The potential of perturbation gene-
rated by a doubly periodic grid of oscillating bodies can, thus, be constructed by the
method of superposition of singularities by formula (7).

To obtain the explicit form of function & we first consider the doubly periodic grid
of oscillating dipoles of intensity varying from one source to another according to the
law My, = abM, exp [ — i (mak; + nbr)l, m, n =0, + 1,42, ...

with the fundamental dipole (m, n = 0) of intensity M, lying at the coordinate
origin. By directing the axes of all dipoles parallel to the z-axis,function g, — the per-
turbation potential - can be represented in the form of an infinite series

_ ab < exp [— i (mad1 4 nbhs))
7 °imglmux+amr+w+wML+m%

T
This series can be summated by the method described in [3], Using the gamma function
representation, we can express the sought series in the form

o oc

D oare\ S expi— @+ am) @y by 2t —
o m, n::—oo

i (mah, + nbhy)} V1 dt

gl;t

In terms of standard notation for the theta function [4] the integrand in the last formula

is of the form
95 liazt — Ma | ia®t | 7] ® 5 [ibyt — Azb | ib%* | n] ¥

expl— (2 + 92+ A1 VT
Applying the Jacobi transformation to the theta functions 14 [4], for the potential of

perturbation generated by a doubly periodic grid of dipoles, we finally obtain the inte-
gral expression

g1 = W‘/In zeXP[l(Mx‘*'}"zy)]Sﬁs[Z( 4+ h) agt]X
¥ [ (v+i4 );ﬂuﬁ ) L ®)

This formula is convenient for investigations, since the integrand is factorized in it with
respect to variables , y, z and parameters A, and A,. Note that for A;® + A, =0
the equality (8) yields the particular case presented in [3, 5] in which the potential of
perturbation induced by a grid of cophased dipoles is expressed by

g1 = Mysignz -+ IJZO_ ZS {ﬁ [_Jal_ a%]ﬁ:’ [ Ty m] 1} et gt

b%
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From this directly follows the asymptotic estimate for | 2| — oo
g = M,sign z4 exp(—alz|), o= min(2rn/a, 2n/b) 9)

The absence of phase shift results in that the perturbation generated by a grid of dipoles
extends to infinity,

Let A% 4 A,2=~0 which implies the presence of phase shifts in the oscillations of
dipoles, Then, expressing theta functions in the integrand of formula (8) in terms of the
Fourier series, we obtain

&= —inLn_ zZexp [i (le + A,zy)] 2 exp (2nlrmn)g exp( Bnm 1 Z2t) t—l/n dt
m, n=—0o0 o

(10)
= (mz/a) + (ny ! b), Bmn = lm/a)+ (A /2)F* +
[(un / b) + (A / 2)1?
If A; and A, are multiples of 2m/a and 2n/b, respectively, we obtain from equality

(10) an asymptotic estimate of the kind of (9), If A;and A, are real but not multiples
of 2n/a and 2n/b, the integrals in the last equality are computable and yield the

following result: oo
&= MoSignzeXP [1(7‘41.’12 +7"2y)] 2 exp (2nirmn_ 2IZIVan)
My N=—-

We have thus established that the potential of perturbation in the presence of real phase
shifts between the oscillations of dipoles, which are not multiples of 27t/a and 2m/b,
is doubly-quasi-periodic and is attenuated at infinity in accordance with the law

= M, sign zexp [i (Mz + Ay) — | 2| VA2 + AP+
Olexp (—2]z| VBl

A similar estimate can be obtained also for complex A, and Ay, when Re Bp, > 0
for any integral m and 7, since the character of convergence of the integral in formula
(8) is the same

= M, sign zexp li(Mz + Ay) — | z| VAE + A0 +
OleXP(_2|Z|ReV ﬁll)]a |z]— >

The assumption that A, and A, are complex implies that the oscillation intensity of
any two dipoles differ not only in phase but, also, in amplitude

M., = An, exp li (am Re A, 4 nb Re Ay)],
Apn = My exp (— malmdA;, — nb Imhy)

A different result is obtained in the case of existence of such numbers myand ng for
which the inequality Reﬁ mn << 0 is valid, In fact, the integrals in formula (10) are
divergent, To extend these analytically with respect to parameters f3,,, into the region
in which Re m, << 0, it is sufficient to represent function g, in the form

zexp [L (Mzx + Agy)] §{ﬂ3 [—Z— (:c + L—i\—;\) —%} X

0
ist 2 g
O 5 (v + i3 ) [ oo (= 257 —

81 = V—
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2 cxp zrurmn'sgmﬂti)} e gt -+
Mo, Ty
M -
. { .
V“._zexp[z( 1+ Aoyl 2 exp (2mit,,,) Sexp(—anT — zi#) ¢t
Mo, Ny 0

The integrals appearing in the second sum are Bessel functions with index 1/, [4]. As
the result, we obtain for function g, the following analytic extension:

in
wr | X

0[5 (v o+ thrf-ZZ—Jexp(—f—‘%f)—

2 exp <2nirm— an%); g

My, Ny

Mysign zoxp [i (Ma + Ay)] D) exp(2riTy, + i|2] V — B

Mo, o

& == zvxp[z(xlxwzyng{ AEXPEEY

with the branch of function V —pP mn chosen so that Im V jﬁmn > 0 for all
numbers myand np. In the 1ast equality the integral is convergent, which implies that
the perturbation potential at considerable distance from the grid (| z | — o0) tends to

vanish g ~ Mgysignzexpli (Mz 4+ Aoy) + i 2| V —A2— 1 +
Olexp (—2]z|V =P

Of interest is the case of existence of two such numbers m, and n, for which the

equality Im V' — Bpyn = O is satisfied, This obtains for Re A, = — 2amy’ / a
and Re Ay = — 2nny’ / b. In that case the perturbation potential at considerable dis-

tance from the grid does not tend to vanish but behaves as a plane wave
1 ~ My sign zexpl—2Tm A, —yIm Ay + | 2|} (ImAy)? 4+ (Im Ay)?]

Thus, if the grid is tuned so that the real parts of dipole phase shifts are multiples of
2n/a and 2n/b, a plane wave propagates from the grid in a direction determined by
the variation of amplitudes of these dipoles,

Let us consider particular cases, Taking into consideration the equality [4]

o[£ v+ 5] =

and tending period 4 and phase shift Ay to zero in expression (8) for gy, for the potential
of perturbation induced by a one-dimensional grid of oscillating dipoles lying along the
x =-axis (the plane case) we obtain the expression

&= y%zeﬂ“gﬂs [—f}(x%z%) i]exp(——)i—zzt}t rdt, A=

a’t 4t
Representing the theta function in the last equality in terms of a Fourier series and com-
puting the derived integrals, for real A e obtain

g, = M,sign z exp (ibz) Z exp[unl—-x—l (an—::+?»>’l

m=—00
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If the phase shift is a multiple of 21nt/a, for the perturbation potential at a distance
from the grid we obtain the asymptotic estimate

g ~Mysignz+ Olexp(—al|z)l, |z|— o
which is characteristic of cophase oscillations of dipoles (A = 0) .
If A issmall,i.e, 0 < A < 2m/a, we obtain the expression
(Mo/2) sign z{[cthx (| z| —izx)/a + 1] exp [ —A (| z| —iz)] +
leth & (| 2|+ iz)/a — 1] exp [A (| z | + iz)]}
whose asymptotic estimate for |z|— oo is
& ~Mysignzexpl—A(z] —ix)

These results coincide with those derived in [1], If A is such that 0 << 2mmy/a <<
de< 27t (my + 1)/a,then g, can be represented by

. i .
g = % sign ze™ {e ~Melgth = (I z| —ix) 4 ™! OthT (|z] + iz) —
me

2shh|z|—4 D) exp(— 2nim —’;—>sh[(x — 2n%>IZIJ}

m==1

f —2n (mo‘—{— 1)ja<h<l —2nmy/a, then
i {e‘“z'cth—;‘—q 7| — iz) + e eth = (2] + iz) +

&1 =

2sh)i|z| + 4 %’ exp (2nim—2—)sh[<% + 2n L:—)l z |]
m=1

From the last two formulas we obtain the asymptotics of function gy for | z| — oo
and any real phase shift A

g {Mosignzexp[—h(lzl—ix)], A >0
|~

Msign z exp [A (| 2] + ix)], A0
Similar estimates can be obtained for complex A. The most interesting case is that of
Re A = — 2nm/a (m is any arbitrary integer), in which the perturbation potential

at a distace from the grid behaves as a plane wave

L ~Mysignzexpl—zImA+ i|z||ImAll, z— o

Let us now consider another particular case. If in equality (8) 4 — oo and function
&1 is normalized beforehand with respect to §, then for the potential of the perturbation
induced by singly-periodic grid of oscillating dipoles lying in space zyz along the z -
axis, we obtain the expression

Mo il ;
g, = —~ zel)'xst*aLT <x+t 2t>
0

T

o
e

where the following equality is taken into consideration:

i oo ) ol )

In the considered case for the potential g, for any real ), away from the grid (0 — ©0)
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we have the following asymptotic estimate :
Mz |mp?, A= —2am/a
£1~ { Moz Vn[moPexp(ihz — 2| A|p), A==—2mm/a
(m=0,41,4-2,...)
Thus for a single-row grid in a three-dimensional space the perturbation potential away

from the grid tends to vanish for any real A .
Next, let us consider the doubly-periodic grid of oscillating monopoles with intensity

varying according to the law

M, = ab M, exp li (mha + nhyb)],m,n=0,41,42,.
The perturbation potential g, induced by such grid can be determined by direct integra=-
tion of expression (8) with respect to 2

. M . 3 . A i
8o = Sgl(x’ y, 5)dz = — ) VOT—C-GXPU(MJJ-}-MQJ)] S 1‘)3[—:—<x+1—2%> —;’%} X
0
Y i M2 - hg? s,
Uy [—%—(y—}—t%) %.Z—Jexp(——’—[j;—m—~z2t)t s dt (11)

As in the preceding cases we can establish for the potential go for | z | = oo the fol-
lowing asymptotic estimate :
My|z|, A=—2mm/a, A= —2nn/b

M ; 7
Mo explihz +Ay) — 2| VAR FAEL Redy =+ —2nmja,
Vid e p [ (M oY) — | 2] 1 2
Re Ay, == —2nn/b

8o~

My exp [— Im (zhy + yho) + i] 2|V (ImA)* £ (ImAy)°)
Reh, = — 2mwm/a, Imi, =0; Rehy = — 2nn /b, ImAy, =0

L

The sought Green's function G (z — zo, ¥ — Yo, 2 — Zo) is determined by formula
(11) and is of the form

2
G(x — Zo, Y — Yo, 2 — Z0) = — —nMo go(x — X, Y — Yoy 2 — 2p) =
ab

VT g o0 — 1o} 03[0 + 120 | 2] ¢
0
0 [ (v — vt i3 |5 Jexp [ = 27 — e — ) at

It is thus proved that the effective method of superposition of singularities can be used
for solving the problem of unsteady flow of an incompressible fluid past a doubly-peri-
odic grid of three-dimensional bodies by constructing doubly-quasi-periodic Green's
function for the Laplace equation, The substitution of superposed grids of multipoles of
various orders (7) oscillating at constant phase shift for a grid of three-dimensional phy-
sical bodies does not affect the action of the latter, The amplitudes of these multipoles
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are determined by the form coefficients of the considered grid, which depend only on
the latter geometric properties,

The properties of Green's functions and of perturbation potentials for grids of oscilla-
ting mono- and dipoles have been investigated.

The author thanks M. I. Gurevich for discussing certain results of this investigation and
for his valuable advice,
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Solution of the problem of the stabilized lens of fresh-water filtering from a
channel is derived, At the free surface of the latter the stream function is spe~
cified in the form of a linear combination of coordinates which includes the
particular relationships previously considered by Emikh [1]. The boundary sepa«
rating fresh and saline waters, the free surface, and the characteristic dimensions
of the lens are determined with the use of the analytic theory of linear differ-
ential equations,

1. Statement of the problem, The geometry of the considered flow region
is shown in Fig, 1. A porous medium of constant porosity m and filtration coefficient X

) occupies the lower half-plane y << 0 . Fresh

Vi 2 wtis I z water of density p, filters from the channel

s aor | e N 7 A'BA of width 2}, and penetrates the sur-

”_”,< , /{7 M face of the more sense ground water depres-
N~z JW sing it in the form of a lens Gy G'. It is

assumed that the saline water of density
ps (p2>> p1) lying below the separation



